New Zealand Mathematical Olympiad Committee

Symmetric Polynomials
Arkadii Slinko

1 Introduction

These notes begin with two basic results about symmetric polynomials: the Fundamental Theorem of Sym-
metric Polynomials, which states that any symmetric polynomial can be expressed in terms of the appropriate
elementary symmetric polynomials, and Muirhead’s inequality, which gives comparisions between the sizes of
symmetric polynomials in a given set of variables.

Further on, we analyse relationships between properties of the roots of a cubic and properties of its coefficients
(which are symmetric polynomials of the roots). This analysis is then used to derive a number of triangle-
geometric inequalities.

We restrict ourselves throughout to polynomials in three variables. The results of Sections 2-3, however, hold
(with appropriately generalized statements and proofs) for symmetric polynomials in arbitrarily many variables.

2 The Fundamental Theorem

A polynomial F(x,y,z) is said to be symmetric if
F(z,y,2) = F(z,2,y) = F(y,%,2) = F(y,2z,2) = F(z,2,y) = F(z,y,2).
Example 1. F(z,y,2) = 2%yz + xy3z + zy2>.

The three polynomials

Ul(xvyaz) = I+y+Z,
02(%%2) = xy—|—yz—|—zx,
o3(z,y,2) = xyz.

are the best-known examples. For instance, they appear in Vieta’s theorem expressing the coefficients of a
polynomial in terms of its roots. They are called elementary symmetric polynomials. Of course there are many
other important symmetric polynomials, e.g.

Az,y,2) = (v —y)*(y — 2)*(z - 2)*,

but the importance of the elementary symmetric polynomials stems from the main theorem of this section,
which will assert that all symmetric polynomials can be expressed as polynomials in the elementary symmetric
polynomials o1, 09, 03.

To start on the proof of this theorem, let us consider firstly the monomials 2*1y*22%3 of a fixed degree n =
k1 + ko + k3. We consider these monomials as words in the alphabet of the three letters z,y, z. Let us write
down all the monomials in the lexicographic (vocabularly) order. For instance, for n = 3 we shall have:

23> 22y > 2%z > ay? > ayr > 22 > 0 > e >y > 2P,

where the sign “>” means lexicographically earlier. In general, for two monomials of degree n we write

xklykg Zkg > l,mlym2 Zm3



if k1 > my or if k; = m; and k3 > mo and say that the first monomial is earlier than the second one.

Let F(x,y,2) be a symmetric polynomial which monomials are all of the same degree n. Among them there
is a monomial that are earlier of all other monomials of F(x,y,z). We shall call it the leading monomial of
F(z,y,2).

Example 2. The leading monomial of
F(x,y,2) = 23yz + 2yz + xy2®
is 23yz2.

Lemma 1. A monomial 2*1y*22%3 is a leading monomial of some symmetric polynomial if and only if ki >
ko > k3. If k1 > ko > ks the monomial x*1y*2 2% is the leading monomial of 0f17k20§27k30§3.

Proof. If, for instance, k1 < ko, then the monomial z*19/%2 2% cannot be the leading monomial of a symmetric
polynomial F(z,y,z), because F(x,y, z) = F(y,x,z) contains also a monomial z*2y*1 2% which is earlier than
x’“lykz zF3. The case ko < ks is similar.

The leading monomial of a’flszcrgrk?’crg?’ is equal to the product of the leading monomials of %1 ~%2 gk2—Fs
and 053, that is 251752 . (zy)k2—Fs . (zyz)ks = ghiyha ks, O

Now we can prove the main theorem of the section.

Theorem 2 (Fundamental Theorem). For any symmetric polynomial F(x,y, z) there exists a (not necessarily
symmetric) polynomial f(u,v,w) such that

F(x,y,z) = f(o1,02,03).

Proof. We sketch an algorithm for constructing f. Let x*1y*22%3 be the leading monomial of F(z,y, z). Then

k1 > ko > k3 and the polynomial afl*’“2a§2*k30§3 has the same leading monomial. Consider

Fi(x,y,2) = F(x,y,2) —op' 032 Moy,

This polynomial is also symmetric but its leading monomial is later than that of F(z,y,z). This process of
reducing of leading monomials can be continued. Since we have only finite number of monomials of a fixed
degree, finally we shall obtain the required presentation of F'(z,y, 2). O

Example 3. In this example we shall not use the complete algorithm exposed in the proof of Theorem 2 since
an easier way is possible. Consider

6(x,y,2)=(+y—2)y+z—2)(2+z—y).

Then
5(1'73%2) - *0':1)) + 40102 — 80’3.

The following computation shows that this is true:

6(1'7 y,z) = (01 - 22)(01 - 21’)(0’1 — 2y)
sz —2(x+y+ Z)J% +4(xy + yz + zx)o1 — 8zyz

= foi)’ + 40109 — 803.
Example 4. Here the complete algorithm cannot be avoided. We leave the routine computation to the reader.
A(z,y, 2) = —40i0o3 + 0305 + 18010903 — 4o — 27073,

Exercise 1. Express the following symmetric polynomials as polynomials of o1, 09, 03:

(a) 22+ 92 + 2%



(b) o3 + 33 + 23;

¢) zt + yt + 2%
Y )
(

d) 2%y + %2 + 222 + xy? + y22 + 222,

)
)
)
(€) 222 + 4222 + 2222,

Exercise 2. Check Example

Exercise 3. Express as a function of o1, 02, 03:

111
(a)? ?—"_;7
1 1 1

3 Muirhead’s theorem

Let us consider the set S,, of sequences (a) = (aq, ..., a,) with the following two properties:

For any two sequences («) and () from S we say that () majorises (3) if
ajtay+ ... tap >+ Pt G

for all 1 <r < n. We denote this as (o) = (8). If () = (8) and (o) # (08), we will write (a) > (5).

Now we introduce one more notation: for («) from S,, we denote

1
@) __ a1 .02 Qn
x()fn'(xl 9.t ),

where the dots denote all n! — 1 terms obtained by permutations of a’s.

Example 6. Let n = 3. Then

1
(100 _ L,.100,.10.0,.0.1.0,.0.10,.0.0.1,.00..1
x = 6(551%5”3 + 217375 + TTx3 + TV TT3 + T ToT3 + T THT3)

1
= g(xl + z2 + x3);

1 1 1 11 11 11 1 1 1 1
(1,0 _ 1t/ . 3..3,0 2,.2,.0 0,.2,.2 0,.2,.2 2,.0,..3 2,.0,.2
222 = 6(%% T3+ i3y + 23T + 21703 05 + 27 0573 + 17 T973)

1
= (Vo2 + Vs + Vaazs);
= Jx1x273.
Theorem 3 (Muirhead). If (o) > (), then the inequality

W=
~—
|

1
» 30

8
-~
Gl

2(@) > 2P

holds for all non-negative x1,...,x,. There is equality only when either (o) = (B) or all the x; are equal.



Proof. We will prove this theorem for the case n = 3. The general case can be proved similarly. We assume
that (@) # (8) and not all the z; are equal. Let us consider the following three partial cases from which the
general case will follow.

(a) Let () = (a1, a2, a3), and p be a positive real number such that p < a3 —az and (o) = (a1 —p, az+p, as).
Then

/ o) al al, o
3! (x(o‘) — gl )) = (27'x5? +af%ayt — oy tay? — eyt )es®
aq 02 [eTPNe71 all 0"2 afz 0‘/1
+(2 w3 + 20?2yt -y wg® - wy eyt )r)
7 ’ ’ 7
@y, Qg o (e e Qg O
+(x5 wg? + 25?25t — wy ' xg? — xy 2wyt ).

We claim the right-hand side is positive. Indeed, certainly for any z; and z;,

ar o as, af ol ay o) a ai1—az—p ai1—a2—py(, P p
ittt et gt -t = ()™ [(:cz — ) (2f ij)] >0,
since the two round-bracketed differences are either both non-negative or both non-positive. Moreover,
since not all the x; are equal, at least one of x1 # xo, x1 # x3, T2 # x3 will hold, securing strict inequality.
So z(® > 2(®) as required.

(b) Similarly, if p < ay — a3 and (') = (a1, as — p, a3 + p), then (@) > ("),

(¢) The same argument also shows that if ap = o, then, for any p < (a3 —as), and (o) = (a1 —p, a2, az+p),

11

then (@) > (@)

Suppose now that ap < 2. Then ap < f1, and p = oy — 31 < a1 — as. Then by (a), z(® > 2(&) | where
() = (a1 — pyag + p,a3) = (B1,02 + p,az). As az < (3, az + p > (2, hence 2(@) > 2 by (b). Thus
(@) > (%) as required. The case ay > B is dealt with similarly using (b) and (a). If ay = S, then the
statement follows straight from (c). O

Example 7. For all non-negative x1, 2, T3

1 1
5(331 + a9+ x3) > g(\/ﬁxz +VT123 + /T2x3) > Jx1T223

or, after substitution a = \/x1, b = \/x2, ¢ = /T3,
1
2

1
—(a®* +b*+ ) > 3

3 ab + ac+ be) > Va2b2c2.

Exercise 4. Prove that for all non-negative a, b, ¢ the following two inequalities hold:

a®+ b+
ad+ b3+

a*(b+c) +b*(c+a) +c(a+b),

>
> a?b+ b%c+ Pa.

Establish when these are equalities.

4 Cubic polynomials and their roots

Theorem 4. Let a,b,c be the roots (real or complex) of a cubic equation
3 2 _
z° — o012 + o9 — o3 = 0. (1)

Then any symmetric function of the roots a, b, c is a polynomial function of the coefficients 01,02, 03.

Proof. Follows from Vieta’s theorem and the Fundamental Theorem. O



The value
A(a,b,c) = (a —b)*(b — ¢)*(c — a)?,

is known as the discriminant of the equation . We know it is equal to

A(a,b,c) = —4o303 + oias + 18010903 — 4o — 2703,

Theorem 5. Let 01, 09, 03 be real. Then the equation has exactly three (possibly repeated) real roots if and

only if
— 40303 + 0303 + 18010903 — 4o — 2703 > 0. (2)

If o1 > 0,09 > 0,03 > 0 all these roots are positive. These roots are the lengths of sides of a (nondegenerate)
triangle if and only if in addition
— 0% 4+ 40,09 — 803 > 0. (3)

Proof. Let a,b, c be the roots of . If all of them are real, then obviously
A(a,b,c) = —40}03 + oios 4+ 18010903 — 4o — 2703 > 0.

Suppose now that holds, i.e A(a,b,c) > 0. It is known that either all roots a, b, ¢ are real or one of them is
real and the other two are complex conjugates. We will show that the later case cannot occur. Indeed, if a is
real, b = z,c = Z, then

Ala,b,c) = (a—2)*(z—2)%Z—a)?
[(a—2)(a—2)) (23(2)2)? - i°

— (@ 2R at PR AS()? - (-1)

< 0,

where z = R(z) + i3(z). Moreover, together with Example [3| shows that
d(a,b,c)=(a+b—c)(b+c—a)(c+a—Db)>0.

Either all three factors are positive and we can construct a triangle or two factors are negative. The later case
cannot happen since if, for instance, a + b — ¢ < 0 and b+ ¢ — a < 0, adding these two inequalities we obtain
2b < 0. O

Corollary 6. A cubic equation
@’ +pr+q=0, (4)

where p and q are real, has three real roots if and only if A = —4p® — 27¢> > 0.

Note that any cubic with real coefficients can be reduced to a cubic of the form by a simple substitution.

5 Triangle geometry

Recall that the lengths of the sides a, b, ¢ of a triangle ABC' are the roots of the cubic equation
3 — 2p2® 4+ (p> + 1% + 4rR)x — 4prR = 0,
where p, 7 and R are the semiperimeter, inradius and circumradius respectively of ABC.

Theorem 7. Three positive numbers p,r, R are the semiperimeter, inradius and circumradius respectively of
some triangle, if and only if
(p* —2R* — 10Rr +r*)? < 4R(R — 2r)>. (5)



Proof. We want to show that the roots of the cubic
23— 2p2® 4+ (P> +1? + 4rR)x — 4prR =0

are the sides of a triangle. To do this we use Theorem [5| about the relationship between properties of a cubic’s
roots and properties of its coefficients.

First, we need to show that the roots of this cubic are real. Theorem [5| says this happens if and only if the
cubic’s coefficients satisfy condition . Substituting and manipulating, we find this to be equivalent to the
condition specified.

Next we need to show that all three roots of the cubic are positive; this is clear by Theorem since 2p,
p? +r2 + 4rR and 4prR are all positive.

Finally we will check that the roots of our cubic are the sides of a triangle, using Theorem [fs further condition
(3). Indeed, for every positive p,r, R we have

—(2p)® + 4(2p)(p® + r* + 4rR) — 8 - dprR = 8pr® > 0.

Corollary 8. For any triangle ABC,
(a) 27r? < 16Rr — 5r? < p? <4R%? +4Rr + 3r? < %RQ.
(b) 3v3r <p < 3BR.
These inequalities become equalities if and only if the triangle ABC is equilateral.
Proof. By Theorem
2R* + 10Rr — r* = 2(R — 2r)\/R(R — 2r) < p* <2R® + 10Rr — r* + 2(R — 2r)\/R(R — 2r).

It follows that

2
9R? + 10rR — r® — 2(R — 2R)/R(R —2r) = 16rR— 52 + [(R — 2~ VR(R— 27”)}
> 16rR — 5r?
and
2
9R? + 10rR — 12 + 2(R — 2r)V/R(R — 2r) = AR+ 4rR+ 3% — [(R — )~ VR(R - 2r)]

< 4AR%+ 4rR+ 3r2.

In both cases equality occurs if R = 2r which means by Euler’s theorem that ABC is equilateral. Using R > 2r
we conclude further

16rR — 512 > 27r2,
2 2 27 o
4R* +4rR + 3r SZR'
This proves (a). Part (b) follows directly. O
Theorem 9. If S is the area of a triangle ABC, then

r§§¢§§§p§ R.

1
2
If equality occurs in any of these, then ABC is equilaterial.



Proof. By the second part of Theorem ]

V3 1
< —p < —
r< 9p_2R,

so we need only prove the inequalities involving S. Indeed, applying the second part of Theorem [§] again gives

S = pr > 3v3r?,
1 V3
that is, r < 3 V38 = %\FS Also by Theorem s first part,

2
S:pré 3\/§RT:L'§RTS L(16RT_5T2) S L)
2 3v3 2 33 3V3

1
whence g\/ V38 < ?p. O
Example 8 (IMO, 1962). Let a, b, ¢ be the sides of a triangle of an area S. Prove that
a? + b + ¢ > 4V/38.

Solution. Using both parts of Theorem

0% — 20,

(2p)® — 2(p* +r* + 47R)
2p? — 2r2 —8rR

32rR — 12r° — 8rR
24rR — 12r?

18rR

a? 4+ b2+ 2

AV |

Y

2
18r - ——p

3V3
44/38.

Y

Many other problems can be solved by this technique.

Exercise 5. Prove that

(a) 36r2 < 20rR — 472 < ab+ bc+ ca < 4(r + R)? < 9R?;
(b) 24v/3r3 < 12v/3r%R < abc < 6v/3rR? < 3v/3R3;

3 1 1 1 3R
@ Blil 1 V3R
R a b ¢ 4r2
1 1 1 1 1
i e T B
(d) R? _ab+bc+ca_4r2’
1 1 1 1
O m<atptae<y
b 4R — 2
() 6< a N c r;
p—a p—b p—c r

(8) 972 < ho + Iy + he < SR



2 1 1 1 1
h) 2 < — 4 — 4+~ =2
()R_ha+h6 he 1

9
(1) 97 < pa+pp+pe < S B;
()E<i+i+ifl
VR0 " e 7

3V3

(k) 3\/3% <sina+sin G+ siny < —

3 3
Q) Er < cosa + cos 3+ cosy < 7

Exercise 6. Prove that it is possible to construct a triangle from segments of lengths

(a) sina, sin G, sin~;
(b) cos? &, cos? 5 , cos? %,

Exercise 7. Prove the following inequalities:

(a) (2a —p)(b—c)®+(2b—p)(c —a)* + (2¢ — p)(a — b)?
(b) (a+b)(b+c)(c+a) < 8pR(R + 2r)
(c) abla+b)+be(b+c) + calc+a) < 8pR(R+ )
(d) a® + b+ 3 < 8p(R?* —r?)

) (p—a)(p—"b)(p—c)>(2a —p)(2b—p)(2c - p)
)

(p
2092 < (@®* +b?)(b+c—a)+ (B +A)(c+a—1b)+
(c? +a)(a+b—c)§8[( —a)t+ (p—b)* + (p—0)*] +125%

(g) if ABC is acute-angled, then

(e
(f

2abc(abe + p(a® + b + ¢?) — (a® + % + ) >
5(a® + b — ) (b + 2 — a?)(? + a? — b?);

T2R*
h 2 b2 2 < .
(B) o® + = 9RZ — 442’

(i) (1 —cosa)(l —cosB)(1 —cos7y) > cosa - cos 3 - cos7y;

(§) (14 cos2a)(1+ cos25)(1 + cos2y) 4 cos 2a - cos 23 - cos 27y > 0.

6 Problems

1. (USA, 1977-79) Prove that

1 1 1 9
4 24> 2.
(2) a+b+c_2p’
2
(b) a2+b2+6224%;
(c) p? > 3V35;
(d) a® +b* + 2 > 4V/38;



10.

11.

12.

(e) a®+b>+ 2 > §p3;
g

() a®+ b3+ ¢? %Sp;

v

(g) a* +b*+c* > 1652
(GDR, 1965) Prove that
cosa + cos 3+ cosy < %
and determine when the equality happens.
(England, 1967) Prove that

3
cos? a + cos? G+ 00527 > 1

and determine when the equality occurs. Prove that cos? o + cos? 3 + cos? v does not attain its maximal
value.

(Vietnam, 1977) Prove that
ab+ ac + be
—_— > 3.
45 > V3

(Yugoslavia, 1976) Prove that for angles of any nonobtuse-angled triangle
sin « + sin 3 + siny > cos a 4 cos 8 + cos 7.

(Bulgaria, 1968) Find relations between the lengths of sides of a triangle if

acosa+bceosff+ccosy  2p
asin B+ bsiny + csina  9R

(USSR, 1989) Prove that if a + b+ ¢ = 1, then
2,12, 2 1
a® +b" 4+ ¢ + 4abc < ok

(IMO 1961) Let a,b, ¢ be the sides of a triangle of area S. Prove that
a® + b2+ 24\/§~S.

(IMO 1962, also known as Euler’s theorem) Given an isosceles triangle ABC, R is the radius of the
circumscribed circle, r is the radius of inscribed circle. Prove that the distance d between their centers is
d=+/R(R—2r).

(IMO 1964) Let a,b, ¢ be the sides of a triangle. Prove that

a*(b+c—a)+b*(c+a—b)+c*(a+b—c) < 4dabe.

(IMO 1983) Let a, b, ¢ be the sides of a triangle. Prove that

a’b(a — b) +b*c(b —¢) + cta(c —a) >0

(IMO) If the lengths a, b, ¢ of the sides of a triangle satisfy
2(bc* + ca® 4 ab®) = b*c + c*a + a®b + 3abe,

prove that the triangle is equilateral. Prove also that the equation can be satisfied by positive real numbers
which are not lengths of sides of a triangle.



13. (IMO) Three roots of the equation
x4—px3+qx2—rx+320

are tan A, tan B, tan C, where A, B, C are the angles of a triangle. Determine the fourth root as a function
of p,q,r, s (only).
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